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Backgrounds and motivations

Consider a pair of graphs with latent structure, we are interesting

in recovering the latent structure.

Questions arise from many fields:
Social network de-anonymization [1]:

Protein interaction network [2]:

Computer vision, natural language processing...

Consider partially correlated Erdős-Rényi graphs due to the lack of

complete correlation in real-world networks.

Problem setting

Models

Erdős-Rényi graph G(n, p): Graph on n vertices where each edge
connects with probability 0 < p < 1 independently.
Correlated Erdős-Rényi graphs G(n, p, ρ):

G1, G2 ∼ G(n, p);
Latent bijective mapping π∗ on vertices set: V (G1) 7→ V (G2);
Corr(uv, π∗(u)π∗(v)) = ρ ∈ [0, 1] for any u, v ∈ V (G1).

Partially correlated Erdős-Rényi graphs G(n, p, ρ, m):
G1, G2 ∼ G(n, p);
Latent injective mapping π∗ : S∗ ⊆ V (G1) 7→ V (G2) with |S∗| = m;
Corr(uv, π∗(u)π∗(v)) = ρ ∈ [0, 1] for any u, v ∈ S∗.

Goals

Two recovery regimes: Let π̂ : Ŝ ⊆ V (G1) → V (G2) be the
estimator and overlap(π∗, π̂) , |v∈S∗∩Ŝ:π∗(v)=π̂(v)|

|S∗| :

Partial recovery: overlap(π∗, π̂) ≥ δ for δ ∈ (0, 1);
Exact recovery: overlap(π∗, π̂) = 1.

Goals: Information-theoretic thresholds m∗
δ(n, p, ρ) for δ ∈ (0, 1]:

m∗
δ(n, p, ρ) , min{m :∃π̂, ∀(G1, G2) ∈ G(n, p, ρ, m),

P [overlap(π∗, π̂) ≥ δ] ≥ 0.9}

Challenges

Unknown location: correlated vertices set S∗;

Unknown permutation: latent mapping π∗ : S∗ ⊆ V (G1) 7→ V (G2);
Asymmetric structures due to partial correlation:

Main results

Denote γ , ρ(1−p)
p and φ(γ) , (1+γ) log(1+γ)−γ. Sharp information-

theoretic thresholds:

Partial recovery: Fix a constant 0 < δ < 1.

m∗
δ(n, p, ρ) � log n

p2φ(γ)
.

Exact recovery:

m∗
1(n, p, ρ) � log n

p2φ(γ)
∨ log(1/p2γ)

p2γ
.

Key ideas

Upper bound

Pick an appropriate estimator π̂ and divide {d(π∗, π̂) = k} into two
events: {d(π∗, π̂) = k} ⊆ Ek,1 ∪ Ek,2.

Ek,1: bad event of signal. Apply Chernoff bound for Binomial tail.

Ek,2: bad event of noise.
Extend mappings on vertices to correlated functional digraph on edges

induced by π∗ and π̂;
Decompose correlated functional digraph into paths, cycles and self-loops;

Bound cumulant generating function on paths, cycles and self-loops.

Lower bound

Lower bound due to unknown location:

Construct a packing set Mδ of parameter space and bound |Mδ|;
Choose a prior on π∗ and bound mutual information I(π∗; G1, G2);
Apply generalized Fano’s inequality [3, Lemma 20]:

P [overlap(π∗, π̂) < δ] ≥ 1 − I(π∗; G1, G2)
log |Mδ|

.

Lower bound due to unknown permutation:

Reduction from lower bound in correlated Erdős-Rényi graphs [4, 5].

Future directions

Refined results: sharp constants and optimal δ-dependency;

Efficient algorithms and computation hardness;

Detection problem: hypothesis testing between independent

graphs and correlated graphs.
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