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Backgrounds and Motivations

Questions arise from various fields:
Social network de-anonymization: deciding whether two friendship

networks on different social platforms have similarities [1].

Protein interaction network: detecting protein-protein interactions

between two species [2].

Computer vision: determining whether two graphs represent the same

object under different rotations [3].

Natural language processing: the ontology alignment problem refers to

uncovering the correlation between knowledge graphs that are in

different languages [4].

We are interested in testing correlation between two graphs.

Problem Settings

Models

Erdős-Rényi graph G(n, p): graph on n vertices where each
edge connects with probability 0 < p < 1 independently.
Correlated Erdős-Rényi graph G(n, p, ρ):

G1, G2 ∼ G(n, p);
Latent bijective mapping π∗ on vertices set: π∗ : V (G1) 7→ V (G2);
Corr(uv, π∗(u)π∗(v)) = ρ ∈ [0, 1] for any u, v ∈ V (G1).

Goals

Hypothesis testing problem:

H0: G1, G2
i.i.d.∼ G(n, p) (corresponding distribution: P0).

H1 : G1, G2 ∼ G(n, p, ρ) (corresponding distribution: P1).

Detection criteria: there exists some testing statistic T (G1, G2)
and a threshold τ such that

P0 (T (G1, G2) ≥ τ ) + P1 (T (G1, G2) < τ ) ≤ 0.05.

Goals: test H0 against H1 in polynomial time.

Challenges

Polynomial-time algorithm design: likelihood ratio test requires

search over n! potential permutations.
Single observation: only one pair of (G1, G2) is observed.
Type I and II errors control: simultaneously control of two kinds

of errors.

Previous Results

Counting balanced graphs: succeeds for correlation detection

when p ∈ [n−1+ε, n−1+1/153] ∪ [n−1/3, n−ε] for any constant ρ in
polynomial time [5].

Counting trees: succeeds for correlation detection when

p ≥ n−1+o(1) and ρ2 ≥ α ≈ 0.338 in polynomial time [6].

Our Results: Arbitrary Constant

For any constant correlation ρ ∈ (0, 1), when p ≥ n−2/3, there ex-

ists an estimator T (G1, G2) computable in polynomial time and a
threshold τ such that

P1(T (G1, G2) < τ ) + P0(T (G1, G2) ≥ τ ) ≤ 0.05.

Key Components

Graph homomorphism:
Ḡ: weighted graph with weight edge βuv(Ḡ) = 1{uv∈E(G)} − p.

homϕ(M, Ḡ) =
∏

uv∈E(M)

βϕ(u)ϕ(v)(Ḡ).

inj(M, Ḡ) =
∑

ϕ:V (M) 7→V (G)
ϕ injective

homϕ(M, Ḡ)

Bounded degree motifM(Nv, Ne, d): a special motif family with
Nv vertices, Ne edges and bounded degree d.

Testing statistic:

T (G1, G2) =
∑

M∈M(Nv,Ne,d)

ωMinj(M, Ḡ1)inj(M, Ḡ2),

where ωM is a weight and the testing statistic can be regarded
as a weighted inner product between vectors

[
inj(M, Ḡ1)

]
M∈M

and
[
inj(M, Ḡ2)

]
M∈M.

Errors control: pick τ = 1
2EP1 [T (G1, G2)] and use Chebyshev’s

inequality.

Time complexity: nCρ−2d/(d−2)
; no n−o(ρ−1)-time algorithm

conjectured [7].

Future Directions

General settings: inhomogeneous and correlated connection

probability in a single graph; time-varying structures.

Graph alignment problem: using the bounded degree

estimator to recover latent permutation when given

G1, G2 ∼ G(n, p, ρ).
General graph models: extensions to multiple graphs, random

geometric model, graphon model.
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